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Scope
• Network models represent dependencies with graphs; 

graphical models (one type of which are “Bayesian 
networks”) represent dependencies with graphs. That 
causes confusion. But they are very different! 
– Graphical models haven’t done the best job at networks, and 

networks haven’t made the best use of graphical models
• This talk is primarily to clarify (or create!) a conceptual 

connection between these two types of models
• For examples of applications of graphical modeling to 

networks, see Farasat et al. (2015), Maier et al. (2014), 
and Airoldi et al. (2008)
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Key points
• Graphical models represent dependencies (and 
causal relationships) between variables

• Networks models are models of dyads, which 
represent dependencies between observations
– Dyads can be modeled as random variables (e.g., 

Bernoulli for unweighted; Poisson for count; etc.)
– Dyads are themselves dependent! (reciprocity, triadic 

closure, degree constraints)
– Graphical models can represent these “dyadic 

dependencies”!
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Key visualization
Factor graph

—

—

in-two-stars

out-two-stars

geom. weighted
out-degrees

geom. weighted
in-degrees

alternating tran-
sitive k-triplets

alternating indep.
two-paths

two-paths (mixed
two-stars)

transitive triads

activity e!ect

popularity e!ect

mutual dyads

similarity e!ect

Parameter
name

Network
Motif Parameterization Matrix notation

i<j AijAji

(i,j,k) AjiAki

(i,j,k) AijAik

i exp {4U k Aik}

j exp {4U k Akj}

_ i,j Aij 1 4 1 4 1
_

k=i,j AikAkj

_ i,j 1 4 1 4 1
_

k=i,j AikAkj

(i,k,j) AikAkj

(i,j,k) AijAjkAik

i Xi j Aij

j Xj i Aij

i,j Aij 1 4 |Xi 4Xj |
maxk,l |Xk4Xl |

1
2 tr AAT

sum AAT 4 tr AAT

sum AT A 4 tr AT A

sum (exp{4U rowsum (A)})

sum (exp{4U colsum (A)})

_ sum A (·) 1 4 1 4 1
_

AA4diag(AA)

_ sum 1 4 1 4 1
_

AA4diag(AA)

sum (AA) 4 tr (AA)

tr AAAT

sum (X (·) rowsum (A))

sum (X (·) colsum (A))

sum (A (·) S)

\k = i, j

Aji

Aki

Aik
Aij

Akj

Ajk

Xj

Xi
=\ i ji, :j

,       ,…,

,       ,…,

Graphical model and matrix notations for ERGM speci"cation terms given in: Tom A. B. Snijders, Philippa E. Pattison, Garry L. Robins, and 
Mark S. Handcock, 2006, “New speci"cations for Exponential Random Graph Models”, Sociological Methodology 36: 99–153.

Momin M. Malik, Antonis Manousis, and Naji Shajarisales, Carnegie Mellon University, v1.1, May 2018 
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What are graphical models?
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Graphical models = graphs for variables
• Like path diagrams in psych, but 

more formal. From CS in 90s
• Represent relationships between 

variables; can reason through 
dependencies
– Sprinklers are not directly 

dependent on Rain, but if we 
know the grass is wet, we know 
either it rained or sprinklers were 
on (at least one is true)

• With probability distributions on 
the nodes, they represent 
conditional independencies
– Equivalent to structural equation 

modeling (SEMs)!

X1

Season

X3Sprinkler X2 Rain

X4 Wet

X5

Slippery
<latexit sha1_base64="yf5rUjmncN2DhQ2c1k1aGYaplMg="></latexit>
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Can represent causality

X1

Season

X3Sprinkler X2 Rain

X4 Wet

X5

Slippery
<latexit sha1_base64="k0Zybq+FQEb1XV+YndnAGFTLBJ4="></latexit>

• Can also reason about causality
• Interventions block “paths”
– Pearl introduced the “do” operator 

to notate this algebraically
• Are algorithms to determine 

identifiability of parameters from 
a given (or assumed) causal 
structure (Bayes ball)
– Causal inference techniques to 

estimate a causal graph (e.g., 
TETRAD algorithm) also exist, 
but theoretical guarantees for 
these procedures require strong, 
untestable, and almost certainly 
false assumptions
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Mostly used for bookkeeping

specify the priors as generalized linear models through which we can condition on arbitrary observed
data. This allows us to directly estimate the quantities of interest in applied problems. The model
generalizes several existing approaches in the literature and, in conjunction with our forthcoming R
package, allows users to incorporate the specific structure of their corpus without developing new
models from scratch.

After describing the model, we demonstrate the use of STM to analyze two social science questions
using open-ended responses from a survey experiment and an international newswire corpus.

2 The Structural Topic Model

The model (Figure 1) combines and extends
three existing models: the correlated topic model
(CTM) [7], the Dirichlet-Multinomial Regres-
sion (DMR) topic model [8] and the Sparse Ad-
ditive Generative (SAGE) topic model [9]. The
logistic normal prior on topical prevalence in the
standard CTM is replaced by a logistic-normal
linear model. The design matrix for the co-
variates X allows for arbitrarily flexible func-
tional forms of the original covariates using ra-
dial basis functions (our R package also provides
B-splines). The distribution over words is re-
placed with a multinomial logit such that a to-
ken’s distribution is the combination of three ef-
fects (topic, covariates, topic-covariate interac-
tion) operationalized as sparse deviations from a
baseline word frequency (m). Our software pro-
vides the analyst with a choice of regularizing
priors for the GLM coefficients (, �) with de-
faults: Normal-Gamma prior pooled by topic for
� and the “Gamma Lasso” prior [10] for .

Language Model:

Topic Prevalence:

Topical Content:

µ

�

z

w

�

N

X �



Y

K

D

�

�d � LogisticNormal(µd, �)

zd,n � Mult(�d)

wd,n � Mult(�
k=zd,n

d )

µd,k = Xd�k

�k � N (0, �2
k)

�2
k � Gamma(s� , r�)

�k
d,v � exp(mv + .,k

v + y,.
v + y,k

v )

y,k
v � Laplace(0, �y,k

v )

�y,k
v � Gamma(s�, r�)

Figure 1: Plate Diagram for the Structural Topic
Model

2.1 Posterior Inference and Quantities of Interest

We estimate the model using a fast semi-collapsed variational EM algorithm. For the nonconjugate
logistic normal variables in the E-step we use a Laplace approximation [11]. We also integrate over
the token-level latent variable z in order to speed convergence. The model directly estimates covari-
ate effects which are analogous to GLM coefficients familiar to social scientists. To improve inter-
pretation of the topics themselves, we assign labels using a variation of the Frequency-Exclusivity
approach developed in [12] which we describe in [13].

2.2 Related Work and Other Ways to Include Information

Our approach to including corpus structure reflects our interest in making inference about observed
covariates rather than predicting covariate values in unseen text. We briefly overview three other
approaches to including document information, highlighting their different strengths. Supervised
LDA [14] is designed towards a prediction task and assumes a generative model for a document-level
variable. This finds a low-dimensional representation that both predicts words and the covariate.
Partially Labeled LDA [15] allows the user to include prior information that particular documents
are at least somewhat about certain topics. Finally Factorial LDA [16] has a similar mathematical
setup to our model but focuses on latent covariates with an emphasis on interpretation.

3 Applications

In lieu of standard demonstrations based on predictive measures such as held-out likelihood or re-
covery of simulated parameters, we provide a short discussion of two research driven applications
of our work. Simulations and held-out likelihood comparisons can be found in [13].

2

• Most machine learning 
applications are 
effectively “bookkeeping”

• E.g., in structural topic 
modeling (Roberts et al., 
2013), a topic doesn’t 
“cause” a document, but 
representing it as a 
directed tie is to help 
keep track of things for 
estimation
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Networks in graphical models

Cancer(A)

Smokes(A)Friends(A,A)

Friends(B,A)

Smokes(B)

Friends(A,B)

Cancer(B)

Friends(B,B)

X(i)

A(i,j)Y(i,t–1)

Y(i,t)

X(j)

Y(j,t–1)

Y(j,t)

Z(j)Z(i)

Network edges as 
graphical model nodes in 
a “relational Markov 
network” (Getoor & 
Taskar, 2007): awkward

Network is only a 
confounder (Shalizi & 
Thomas, 2011), no direct 
dependencies between 
edges

MIXED MEMBERSHIP STOCHASTIC BLOCKMODELS
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Figure 1: Two graphical model representations of the mixed membership stochastic blockmodel
(MMB). Intuitively, the MMB summarized the variability of a graph with the blockmodel
B and node-specific mixed membership vectors (left). In detail, a mixed membership,
πn(k), quantifies the expected proportion of times node n instantiates the connectivity
pattern of group k, according to the blockmodel. In any given interaction, Y (n,m), how-
ever, node n instantiates the connectivity pattern of a single group, zn→m(k). (right). We
did not draw all the arrows out of the block model B for clarity; all interactions depend
on it.

In this paper, we develop mixed membership models for relational data.1 Models in this family
include parameters to reduce bias due to sparsity, and can be used to analyze multiple collections
of paired measurements, and collections of non-binary and multivariate paired measurements. We
develop a fast nested variational inference algorithm that performs well in the relational setting and
is parallelizable. We demonstrate the application of our technique to large-scale protein interaction
networks and social networks. Our model captures the multiple roles that objects exhibit in interac-
tion with others, and the relationships between those roles in determining the observed interaction
matrix.

Mixed membership and the latent block structure can be recovered from relational data (Section
4.1). The application to a friendship network among students tests the model on a real data set where
a well-defined latent block structure exists (Section 4.2). The application to a protein interaction
network tests to what extent our model can reduce the dimensionality of the data, while revealing
substantive information about the functionality of proteins that can be used to inform subsequent
analyses (Section 4.3).

1983

Full representation, but 
only of a single type of 
dependency (block 
membership) (Airoldi et 
al., 2008)
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Two “directions” of dependencies
• If covariates are independent (trivial graphical model, what we usually assume 

in linear regression), the joint distribution of a response and a design matrix is:

• (If we assume fixed X, as we usually do, the probabilities of Xj’s go away)
• But a true, complete joint factorization of the conditional distribution would be 

over observations as well:

• An iid assumption applies to the observations, and are how we even have 
multiple observations to estimate anything. This looks like: 

p(Y |X) = p(y1, ..., yn|x11, ..., x1d , x21, ..., x2d , ......, xn1, ..., xnd)
<latexit sha1_base64="eUj8b4YnowpURCF7QWKNCAg0sBc="></latexit>

p(Y |X) = p(y1, ..., yn|x1, ..., xn)
iid
=

nY

i=1

p(yi |xi )
<latexit sha1_base64="qlC9qCwsIXsvrb9fb+EiN9Y3LSA="></latexit>

p(Y ,X) = p(Y ,X1, ...,Xd) = p(Y |X1, ...,Xd)
dY

j=1

p(Xj)

<latexit sha1_base64="29keWQyWVp8TCx+kA929/ZH0eMY="></latexit>
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Parameterizing network models
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Networks: Dependencies as observations

index from to Y W1 W2 W3 · · ·
e1 1 2 y12 1(x11 = x21) x12 � x22 x13 · · ·
e2 2 3 y23 1(x11 = x31) x12 � x32 x13 · · ·
...

...
...

...
...

...
...

en+1 2 1 y21 1(x21 = x11) x22 � x12 x23 · · ·
...

...
...

...
...

...
...

e2(n2)
n � 1 n y(n�1)n 1(x(n�1)1 = xn1) x(n�1)2 � xn2 x(n�1)3 · · ·

<latexit sha1_base64="5hu1ZDX6g7CQ54/bUOpbqP3GlEU="></latexit>

Y X1 X2 · · · Xd

1 y1 x11 x12 · · · x1d
2 y2 x21 x22 · · · x2d
...

...
...

...
. . .

...
n yn xn1 xn2 · · · xnd

<latexit sha1_base64="5uWcEvCT0HNOxUnjN0dM9WCiVCc="></latexit>

Better way of looking at networks: make dyads the 
observations
• The response is now an edge, or edge attribute
• Transform all node covariates into edge covariates, e.g., 

– As a difference between continuous node attributes
– Indicator for if nodes in same category or not (or, make new 

categories out of possible pairs, e.g., M→M, M→F, F→M, F→F)
– As “sender” and/or “receiver” attributes
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Parameterizing
• Descriptively,

• Turn this into a random variable:

Aij
iid⇠ Bernoulli (p)

<latexit sha1_base64="euR/lFoL8IrVXv3FNhXsvchqyZk="></latexit>

aij =

(
1 if there is a tie i ! j

0 otherwise.

<latexit sha1_base64="PKeQc3TXYGT26ANmMNAfZh6t75I="></latexit>
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As a logistic regression
• Add some covariates and it can become a logistic 

regression:

• The MLE of an intercept-only model is just the density.

b�MLE =
1

2⇥
�n
2

�
X

i 6=j

aij

<latexit sha1_base64="i0lAAqb9DG6E3h8eCgJ8pYmUNYI="></latexit>

Aij |xi , xj ⇠ Bernoulli
�
f (xi , xj)

T�
�

<latexit sha1_base64="T4Wmn9OV3ReAp7Awm5s2e2kJhYQ="></latexit>

L(�) =
nY

i=1

Y

j 6=i

f (xi , xj)
T�aij (f (xi , xj)

T�)1�aij

<latexit sha1_base64="aToEzxGSYFqGGsw5N2PNen1T7bY="></latexit>
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Problem: Dyads are dependent, too
• In the language of ERGMs, “dyadic dependencies”
– Social networks: reciprocity makes  

• The p1 model (Holland & Leinhardt, 1981) deals 
with reciprocity as a one-off dependency by modeling 
edges as multinomial, with a cross term:

Aij 6?? Aji

<latexit sha1_base64="7IGwmP+BOGQRg3JbwtAXUQD+N1Q="></latexit>

P(Aij = aij ,Aji = aji ) =
1

kij
exp {aij(µ+ ↵i + �i )

+ aji (µ+ ↵j + �j)

+ ⇢aijaji }

<latexit sha1_base64="DXRJX6ugpmxaavJRMdtUhoXxZ3U="></latexit>
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Models for dyadic dependencies
• Stochastic blockmodels (Wang & Wong, 
1987): alternative to p1, two-level 
hierarchical version of Bernoulli model
• Latent space models (Hoff et al., 2002): can 
be seen as graphical models with observable 
nodes for edges, produced from hidden 
nodes representing latent position
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Markov property for network edges
• Landmark work: Frank & Strauss (1986)
• Markov dependence assumption: “A graph is 
said to be a Markov graph if only incident 
dyads can be conditionally dependent.”

• In retrospect, we can clarify this in terms of 
graphical models
– The “graph” is the network, and the Markov property 

is of the graphical model of the network edges as 
Bernoulli variables
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Markov property for network edges
• Remarkably, using Hammersley-Clifford, Frank & 

Strauss proved that the graphical model of an 
undirected network is Markov if and only if

• Especially surprising part (Kolaczyk, 2009): how did 
triangles come out of this as a sufficient statistic??

P✓(A) = 1
(✓) exp

(
✓0L(A) +

n�1X

k=1

✓kSk(A) + ✓⌧T (A)

)

<latexit sha1_base64="dIInSHmBhXFxFLxMD70qnDVYdnA="></latexit>

Non-maximal
k-stars

Number of
triangles

Normalization constant: need 
to sum over  possible 
networks for each candidate  

22⇥(
n
2)

<latexit sha1_base64="OPN/oDgT+SRrpA96Jw9FvezBRFo="></latexit>

✓

<latexit sha1_base64="cbObzSjp3fhFcwK9jJfg8lYMkCQ="></latexit>
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Graphical models for networks
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General modeling of dyadic dependencies
• This eventually led to Exponential-family Random Graph 

Models, which can model generic dependencies between 
edges

• Can add any sufficient statistic, although they can be 
collinear. E.g., two-paths are collinear with in-degrees, 
out-degrees, and mutual dyads (Snijders et al., 2006)

• But: bad theoretical properties, tricky to estimate, and 
tricky to specify

X

i,j,k:k 6=i

AijAjk =
nX

j=1

X

i,k:k 6=i

AijAjk =
nX

j=1

 
A+jAj+ �

nX

i=1

AijAji

!

<latexit sha1_base64="jUTt1MeHPdShF5iApsZABiGWq1k="></latexit>
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Dyadic dependencies in a graph
Factor graph

—

—

in-two-stars

out-two-stars

geom. weighted
out-degrees

geom. weighted
in-degrees

alternating tran-
sitive k-triplets

alternating indep.
two-paths

two-paths (mixed
two-stars)

transitive triads

activity e!ect

popularity e!ect

mutual dyads

similarity e!ect

Parameter
name

Network
Motif Parameterization Matrix notation

i<j AijAji

(i,j,k) AjiAki

(i,j,k) AijAik

i exp {4U k Aik}

j exp {4U k Akj}

_ i,j Aij 1 4 1 4 1
_

k=i,j AikAkj

_ i,j 1 4 1 4 1
_

k=i,j AikAkj

(i,k,j) AikAkj

(i,j,k) AijAjkAik

i Xi j Aij

j Xj i Aij

i,j Aij 1 4 |Xi 4Xj |
maxk,l |Xk4Xl |

1
2 tr AAT

sum AAT 4 tr AAT

sum AT A 4 tr AT A

sum (exp{4U rowsum (A)})

sum (exp{4U colsum (A)})

_ sum A (·) 1 4 1 4 1
_

AA4diag(AA)

_ sum 1 4 1 4 1
_

AA4diag(AA)

sum (AA) 4 tr (AA)

tr AAAT

sum (X (·) rowsum (A))

sum (X (·) colsum (A))

sum (A (·) S)

\k = i, j

Aji

Aki

Aik
Aij

Akj

Ajk

Xj

Xi
=\ i ji, :j

,       ,…,

,       ,…,

Graphical model and matrix notations for ERGM speci"cation terms given in: Tom A. B. Snijders, Philippa E. Pattison, Garry L. Robins, and 
Mark S. Handcock, 2006, “New speci"cations for Exponential Random Graph Models”, Sociological Methodology 36: 99–153.

Momin M. Malik, Antonis Manousis, and Naji Shajarisales, Carnegie Mellon University, v1.1, May 2018 
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Key points, redux
• Graphical models represent dependencies (and 
causal relationships) between variables

• Networks models are models of dyads, which 
represent dependencies between observations

• They are not the same thing, but we can 
represent dyadic dependencies (dependencies 
between edges of a network, in processes like 
reciprocity and transitivity) as graphical models
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Why should we care?
• Graphical models are network models are both powerful for 

representing, reasoning through, and modeling dependencies
– But graphical models haven’t done the best job at networks, and networks 

haven’t made the best use of graphical models
– Maybe because they are used by different communities, and the same words 

(“networks”, “dependencies”) mean subtly different things
• Clarifying the relationship of these two types of models helps head off 

confusion, as well as deepen our appreciation of the idea of 
“dependencies”
– As well as helping to train students

• Practically: Can graphical models help create, and estimate, new 
statistical network models, and unify existing ones? Almost certainly, 
although in many cases the estimation will still be MCMC (maybe 
variational inference; Celisse et al., 2012)
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